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Abstract

Analytical crack-tip fields for soft sheets are known mainly for generalized neo-Hookean
materials. We formulate the crack-tip problem in a radial symplectic (Hamiltonian) frame-
work, using £ = Inr as the evolution coordinate. The deformation on a material circle and its
weighted radial traction form the canonical pair, and the constraint reaction enters through the
traction. Within this framework, dominant balance for an incompressible plane-stress Mooney—
Rivlin sheet shows that the I contribution becomes a kinematic constraint near the tip. The
constraint drives the local state toward uniaxial tension. The leading stretch magnitudes are
independent of angle, and the opening is yo ~ Prl/? sin(f/2). The compensated areal Jaco-
bian Jr'/4 approaches an angle-independent plateau. The same field gives G = (7/2)e1 P?,
where c¢; is the first Mooney—Rivlin coefficient. In a pure-shear strip, the grip stretch there-
fore fixes P, and finite-element calculations support both this parameter-free amplitude and
the compensated-Jacobian prediction. The constraint also permits a regular O(r) crack-parallel
motion set by specimen-scale matching. After this motion is separated, the in-plane field con-
tains an 7%/4 residual whose angular equation admits a specimen-selected homogeneous member.
Core and angular refinement of the strip fields recovers both the exact-axis 5/4 exponent and its
parameter-free amplitude to within 1.3%. The closed normal-opening sector gives the half-odd
radial spectrum and a conserved symplectic pairing. The calculation shows how a constitutive
term that is subleading in the near-tip energy can nevertheless control the local kinematics, a
mechanism that can be sought in other stiffening soft networks.

1 Introduction

Crack growth and energy dissipation in soft solids are controlled by the highly deformed region
near the crack tip. The development of tough soft materials, particularly hydrogels [1-3], has
therefore increased the need for quantitative near-tip mechanics [4, 5]. The crack-tip field connects
specimen-scale loading to the local deformation that drives rupture. Continuum crack-tip fields are
singular, while fracture and dissipation cut off that singularity in a real material. The asymptotic
field describes the intermediate region between the remote loading and this process zone.

Most analytical crack-tip fields for soft sheets are restricted to generalized neo-Hookean solids,
W = W(I;). Foundational finite-strain studies established the basic crack-tip structures [6-12].
Krishnan, Hui and Long developed the incompressible plane-stress theory most relevant to soft
sheets [13, 14]. Long and Hui later reviewed this framework [15], and Liu and Moran extended it
to fiber-reinforced sheets [16, 17]. These hodograph formulations rely on W = W (I;) and do not
extend directly to a general constitutive law. The Mooney—Rivlin (MR) energy
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is the simplest widely used model beyond that class [18-21]. The analytical plane-stress theories
cited above do not include it. Han and Li instead used finite elements to quantify apparent stress
indices at finite distance from the tip and noted the absence of an asymptotic Mooney—Rivlin field
[22]. In incompressible plane strain, Iy = I3, so the Mooney—Rivlin energy reduces to a neo-Hookean
form. The crack-tip field then has a single /2 intensity factor [10, 23, 24]. This reduction is specific
to plane strain. In the plane-stress problem considered here, the second invariant remains active.
We study ¢1 > 0, co > 0 and use co = 0 as the neo-Hookean control.

We apply the symplectic (Hamiltonian) formulation of elasticity to radial crack-tip asymptotics,
using &€ = Inr as the evolution coordinate. A power law r then becomes the exponential mode e’¢,
so the classical crack-tip hierarchy [25, 26] becomes a spectrum of the radial evolution [27]. Spatial
Hamiltonian formulations pair a displacement trace with its generalized traction [27-29]. Here the
variational reduction identifies the deformed-position trace on a material circle and the weighted
nominal traction rPe, as the canonical pair. This viewpoint is especially useful when a constitutive
term becomes a constraint. Its reaction remains in the traction variable even when the constrained
kinematics suppress its leading energetic contribution. Related finite-strain incremental symplectic
methods have been used for instabilities in layered neo-Hookean structures [30].

Within this framework, dominant balance shows that the plane-stress co term imposes a near-
tip kinematic constraint and drives the local state toward uniaxial tension. The leading field has an
r1/2 opening, angle-independent stretch magnitudes, an angle-independent compensated Jacobian,
and G = (7/2)c; P2, where yo ~ Pr'/2sin(6/2). Pure-shear strip calculations test the resulting
parameter-free amplitude and Jacobian predictions. Refinement toward the tip also recovers the
exact-axis 5/4 residual exponent and amplitude. The constraint leaves a regular contour motion
Cys = Cyrsin®(0/2), whose coefficient must be supplied by the outer specimen. Once that motion
is separated, the harmonic opening and the constraint predict an r5/4 in-plane residual. Its angular
equation has an analytic-axis member g(#) and a homogeneous member whose amplitude is supplied
by matching. The constrained linearization also contains a closed normal-opening sector with a
half-odd spectrum and a conserved symplectic pairing. In the limit c3 — 0, the opening and energy
relation reduce to those of Long, Krishnan and Hui [14]. On the selected F' = 0, analytic-axis
representative, the first material correction closes explicitly. Farther along that formal hierarchy, a
restricted nonlinear source resonates with the opening operator and requires a logarithmic opening
companion. Figure 1 summarizes the specimen, radial state, and constrained tip geometry.

Section 2 reduces the plane-stress sheet to a two-dimensional energy and derives its nominal
stress. Section 3 constructs the radial Hamiltonian action, identifies the canonical state, and derives
the conserved pairing for the constrained linearization. Section 4 obtains the constraint-active tip
field, its physical null motion, the /4 residual, and the first material correction. Section 5 develops
the closed opening spectrum, its symplectic pairing, and the higher-order resonance. Section 6
derives parameter-free relations and tests them in pure-shear finite-element calculations. Section 7
evaluates the energy release rate, after which the discussion connects the local state to failure,
specimen-scale matching, and other stiffening networks.
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Figure 1: Specimen, radial state, and constrained tip field. (a) The Rivlin-Thomas pure-shear strip
[31]. The remote state is (1, A, 1/A), with A = 1+26/h and G = hW. (b) A circular contour carries
the deformed-position trace q(f) and momentum p(6) = r Pe,. Equal radial factors correspond to
equal increments of £ = Inr. (¢) The constrained tip state. The maximum stretch A; follows the
local tension direction (red), while the transverse stretches are equal. Blue curves show constant
opening, yo = P\/s with s = sin?(6/2), along which the constraint reaction is transported. Panels
(b,c) show the local analytical construction. These fields are not imposed on the strip.

2 The sheet as a two-dimensional solid

Consider a thin sheet of the material (1) deformed in its plane, with the crack tip at the origin
of polar coordinates (r, ) and the crack faces along § = +m. Plane stress means the faces of the
sheet are traction-free through the thickness. Incompressibility ties the thickness stretch to the
in-plane areal change, A\3 = J~1, where J = det F and F = 0y/9X. Thus the sheet thins wherever
it is stretched in area. Substituting A3 eliminates the thickness direction. The three-dimensional
invariants become I; = tr(F'F) + J~2 and Iy = J? + tr(F'F)J 2 with tr(F'F) = F:F. The sheet
is then governed by the unconstrained two-dimensional energy

W=c (tr(FTF) +J2 3) + cz,(J2 +te(FTF)J 2 - 3) . (2)
The corresponding first Piola—Kirchhoff stress is

P =2 (F . J—QF—T) + 2 <J‘2F +(J2 - J‘QF:F)F_T> . (3)
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This is the force per unit reference area transmitted across an interface in the sheet. It is also
the stress used in both the flux integrals and the finite-element calculations. That (3) coincides
with the in-plane block of the three-dimensional stress is the result of a pressure elimination. In
three dimensions, incompressibility introduces a pressure p, and the plane-stress condition P33 =0
determines it as p = A3 9Wsp /03, where W3p is the unconstrained three-dimensional energy (1).
Differentiating the reduced energy (2) then produces, through the substitution A\3 = J~!, the
chain-rule term —A3(0W3p/0A3) F~ T, which is exactly the pressure term of the three-dimensional
stress. The true (Cauchy) stress follows as ¢ = PF'. No factor of 1/J appears because the full
three-dimensional determinant is unity. Here J is the in-plane areal Jacobian, not a volume change.

3 Crack-tip asymptotics as radial Hamiltonian dynamics

The symplectic (Hamiltonian) formulation of elasticity, with one spatial coordinate playing the
role of time, goes back to Zhong and co-workers [28, 29]. Symplectic eigenfunction expansions
have also been used for crack and notch problems in linear elasticity, where stress-intensity factors
appear as expansion coefficients [27]. Related finite-strain incremental symplectic methods have
been developed for wrinkling instabilities in layered neo-Hookean structures [30]. We use the spatial
Hamiltonian frame with £ = Inr as the radial coordinate of a nonlinear crack tip.

We describe the radial variation of fields on circles = const using the pseudo-time

E=1nr, (4)

so that the crack tip corresponds to & — —oo. Shrinking the circle by a fixed factor gives a fixed
decrement of £&. The exponentials e = 7 are the power laws of crack-tip mechanics. Radial
derivatives become 9, = 6_585, and the arc element on the circle is efdé.

In the variables of (4), the energy stored between two circles is

A://WrdrdH:/(/:We25d0) d¢ ::/ﬁ(q,ﬁgq)dé. (5)

This is a classical action with £ as time and the trace q(6) of the deformed position y on the circle
as the configuration.
The momentum conjugate to q is
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the r-weighted radial nominal traction (i € {1,2} labels Cartesian components, and P;, is the radial
component of the stress (3) in polar coordinates). It is the force per unit angle that the material
outside the circle transmits inward. The area weight and the radial-gradient transformation leave
one power of 7.

The Euler-Lagrange equations of (5) are the equilibrium equations. Applying the Legendre
transform H = [ p - 9:qdf — L converts them into deq = 6H/dp, d¢p = —6H /dq, which are first
order in &.

Elasticity has no intrinsic length. Concretely, for a quadratic energy the e area weight in (5)
cancels against the e=2¢ scaling of the squared gradient. The resulting Hamiltonian is autonomous
in €. For the full Mooney—Rivlin energy, whose terms have different homogeneities in the gradient,
no such cancellation holds for the unweighted state. Autonomy is recovered for the linearization
about the scale-similar leading orbit in the weighted variables of Sec. 5.



For quadratic H Hamilton’s equations are linear,

av

[q R Jo 1
dig_Hv, V_H, H=JV*H, J_[ ] (7)

p -I 0

and JH = —V?# is symmetric. This gives the symplectic identity JH = —H'J.

For a linear material, the eigenproblem of H is the Williams problem, which gives the classical
power-series catalog of linear-elastic crack-tip fields. The same expansion is recovered in the sym-
plectic literature [27, 28] and can also be connected directly to Muskhelishvili complex potentials
[26]. For finite strain, the leading orbit is nonlinear, but its second variation again produces a
Jacobi system. In the present problem the normal-opening component decouples at the leading
radial grade and can be solved without an angular truncation. The same construction shows how
the constraint reaction enters the coupled in-plane sector. Because the weighted linearization is
autonomous in ¢, its modes are exponentials in &, or powers 7. The face conditions select their
angular profiles, while finite energy selects the admissible half of the spectrum. The closed normal-
opening sector below recovers the half-odd harmonic family. The subdominant I stress then forces
this linearized hierarchy at radial weights separated by half powers, producing the ordering derived
in Sec. 4.

The symplectic identity gives a radial reciprocity relation. For any two solutions whose angular
boundary terms vanish, the bilinear form Q(V,W) = [(qyv-pw — qw -py)df is independent of
&. The boundary terms vanish on traction-free crack faces. Mode-I symmetry reduces the integral
to [0,7]. Section 5 uses this pairing as a solvability condition and identifies the adjoint opening
modes. The structure parallels the reciprocity between stress-intensity factors and weight functions
in linear fracture mechanics. The energy flux in Sec. 7 is evaluated separately from the classical
J-integral.

The same structure survives when the energy contains a constraint. If a stiff term of W enforces
a kinematic condition C = 0 at the tip, with action multiplier y, the action becomes

Aly, x| = / / (W1 (F) + x C(F))eX o de. (8)

Here W is the surviving elastic energy. Stationarity in (y,x) gives the constrained equilibrium
and the constraint. Writing y = y +u and xy = x" + ¢ about a leading orbit, the second variation
is the quadratic functional

5 A = // (0F : A : 0F + 2 Cg:6F)e* dod¢,  A° =W/ (F%) + " C"(F"), (9)

whose stationarity conditions are the linearized equations. Three facts follow. First, A” is a Hessian,
so the linearized equations form a Jacobi system that is formally self-adjoint in (u, ). Second, the
multiplier increment ¢ carries no ¢-derivative, so its momentum vanishes. The first-order equations
are therefore differential-algebraic. The reaction enters through the incremental momenta 7r, which
are built from A?:6F + @C%. The pairing needs no separate multiplier slot. Third, self-adjointness
gives the Lagrange identity. For any two solutions of the linearized system,

™
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with oy the incremental angular traction. The volume terms cancel by the symmetry of A?, and
the reaction terms cancel because both solutions satisfy the constraint row. The left side is the



incremental pairing €. It is conserved whenever the endpoint concomitant vanishes. On eigen-
solutions,  carries the factor e(>A=9)¢ A nonzero pairing therefore requires A + A’ = o, where
o is set by the weights of the paired block. Any constrained-limit operator for the sheet must
inherit this structure. We use it here on the closed normal-opening sector of Sec. 5, where the
scalar reduction follows directly from the leading constrained second variation. Section 7 uses the
resulting duality counting.

To keep reaction coefficients unambiguous, we fix the constraint normalization C = J* — |Vys|?
and denote its action multiplier by x. Rescaling C would rescale x inversely, so coefficients of
the reaction field refer to this convention. The coefficient C, introduced below labels the first
analytic motion along the opening contours. We retain it in the physical map and separate it as
the determinant-null function F(y3) when deriving the /4 residual. For later radial bookkeeping,
F = 0 is used as one base point in this local null family. That choice is not a specimen-level
condition. A nonzero Cs changes the coupled subleading problem, but not the normal-opening
sector or the leading energy flux.

4 The I, term becomes a constraint at the tip

Incompressible plane stress eliminates the thickness stretch (Sec. 2), leaving the unconstrained
functional (2) of the in-plane deformation gradient. At a material point with dominant stretch A\;
the energy splits as W a2 c1 A} + caAF (A3 + A3). Near the tip A\? ~ 1/r diverges. Incompressibility
already fixes the product of the transverse stretches, Ao A3 = )\1_1. The ¢y term additionally penalizes
the sum >\3+)\§ with a stiffness that grows without bound, and at fixed product that sum is smallest
when Ay = A3. The two conditions together force the field onto the manifold

Ay = A3 = A, 72 (11)

Within the constrained outer region, each material point therefore approaches the state of a
stretched fiber, or an incompressible bar in uniaxial tension. On this manifold I grows only
linearly in A1, while I7 grows quadratically. The leading elastic response is therefore neo-Hookean-
dominated, even though the I term controls the transverse kinematics through the constraint.

The constrained zone is the region where the co penalty dominates the c; elasticity. Its off-
manifold stiffness grows as co\? = coP?/(4r), where \; = (P/2)r~'/2 from Eq. (23). It overtakes
the O(cy) elastic stiffness for r < 7. = P2%cy/(4c;). Here P is the opening amplitude introduced
below, and r, is a scale estimate rather than a sharp boundary. It shrinks to nothing as co — 0 and
deepens as ca/c1 grows. The material-ratio study in Sec. 6 is consistent with this crossover picture.

The ¢y — 0T limit is therefore singular. The constrained zone empties, r, — 0, while at any fixed
r < the kinematics remain uniaxial. The two limits do not commute: lim., g+ lim,_(A2/A3) =
1, whereas lim,_,olim,, ,o+(A2/A3) # 1 in general. What the limit preserves continuously is the
opening field and the energy relation of Sec. 7. As ¢y — 0T, the radial interval over which the
constraint, the Jacobian plateau, and the associated in-plane residual can be observed contracts to
zero. This is why the co = 0 control passes the opening tests and fails the kinematic ones in Sec. 6.

At leading order, the in-plane equilibrium equation reduces to the pointwise kinematic identity
(here and throughout, J = det F is the in-plane areal Jacobian of Sec. 2)

Jt = |V (12)

This identity sets the areal Jacobian through the opening gradient but does not set the entire
in-plane map. The dominant balance can be seen directly from (3). Write b = Vy,, L = |b|,



t=b/L, and 0 = b /L, where bt = (by, —b;). Decompose Vy1 = gt + (J/L)Ai. The exact normal
component of the first stress row contains

;Pl-ﬁ—01<i—j/3>+62j; (J4—L2—q2). (13)
For L = O(r~'/2), J = O(r~'/%), and |Vy1|/L — 0, a leading defect C = J* — L? = O(r~ ') would
make the coC stress divergence O(r‘7/ 4), more singular than all remaining row-one terms. The
leading row is V- [CJ3b*] = 0, or transport of C/.J3 along the y, level sets. Traction freedom
sets this quantity to zero where each level set reaches the crack face, giving C = 0 and hence
(12). Within this formal outer argument, the symmetry-axis characteristic is selected by regular
continuation. After the determinant-null contour motion is subtracted, ¢ = O('/4). Retaining Cis
in the physical map gives ¢ = O(1). With either bookkeeping choice, ¢ = o(L) and the leading
second-row stress is Py = 2¢1 Vo + o(r~1/2) = 2¢1 Vys + o(|Vya|), so

Ayg = 0, yQ(G = 0) = 0, 89y2(9 = 7T) =0. (14)

Although the on-manifold ¢y energy is only O(r~'/2), compared with the O(r~!) ¢ energy, its
off-manifold derivative supplies the dominant constraint reaction. In particular, its defect part has
the row-one reaction form

C2

5 J°c, (15)

202J736 bl = Xpen vap Xpen =
where Cyy, = 4J 3bL. Here Xpen 1S the finite-compliance defect reaction, not the total constrained-
action multiplier: C = 0 on the base while x° is generally nonzero. The exact row decompositions,
both radial power counts, face argument, and assumptions are given in the ESI.
Equation (12) fixes only the i component of Vy;: J = L(Vy;- i) gives Vy;- 0 = L~'/2 on the
orientation-preserving branch. It leaves the t component free. Indeed, for any differentiable F,

det (Vy1 + F'(y2)Vys, Vi) = J. (16)

Under Mode-I parity the first nonconstant analytic null addition is F(y2) = (Cs/P?)y3 + -,
whose leading form is Cys, with s = rsin?(#/2). To determine the first in-plane residual, write
ya = Pro2f(0) and 4y := y1 — co — F(y2) = Qr*tg(0), where the scalar amplitude P is not to be
confused with the stress tensor P of (3). Because F(y2) is exactly determinant-null, the two sides
of (12) have the radial forms

J= PQTa1+a2*2 (alf/g _ ang/)7 ‘vy2’2 — P2T2a272 (ang + f/2)- (17)

Matching the powers of r in (17) under (12) gives 4(a; + a2 — 2) = 2az — 2, or 2a; + a2 = 3.
At leading order the normal equilibrium is governed by the surviving neo-Hookean (¢1) response.
On the constraint manifold, Is grows only linearly in A; while I; grows quadratically, so the co
contribution is subdominant in this equation. The scalar opening equation is therefore harmonic.
Mode-I symmetry and the traction-free face select ag = 1/2 and f(f) = sin(f/2), as recovered
independently by the normal-opening spectrum in Sec. 5. Substitution into 2a; + a2 = 3 fixes
ap = 5/4 for the in-plane residual. The leading measurement-space expansion is
ys = Pr'/2sin(0/2) + - -,
y1=co+ Fly2) + P72 g(0) + -
=co+Css+ P25/ g() + - -
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Thus the 5/4 power follows from two analytical ingredients: the harmonic 1/2 opening and the
constraint (12). The angular function g(6) follows from the coefficient balance below.

The local constraint does not determine Cs. The outer boundary-value problem must supply
this regular motion. On the crack face, s = r, so

y1—co=Cor + Ar®/4 4. yo = Pri/2 4 ... A= P Y24(m). (19)

Here “opening” means the normal displacement at a fixed reference distance from the tip. Mode-1
symmetry gives a leading face separation 2P+/r, independent of Cs. The coefficient Cj instead
shifts the crack-parallel coordinate, much as a regular outer coefficient supplements a singular field
in linear fracture mechanics. The residual is defined after subtracting this determinant-null motion.
This decomposition does not set the specimen’s Cy to zero. In the physical field, the two terms in
Eq. (19) must be retained together.
After the null function F'(y2) has been separated, the in-plane profile g obeys the first-order
equation
Sfg—3fd =212 f=sin(0/2), (20)

which gives g(0) = 4v/2/5 at the symmetry axis and ¢'(7) = —/2 at the crack face. These endpoint
values do not determine the coefficient of the homogeneous solution g, = Cj,f%/2, corresponding
to the shear y; — y1 + P~1/2C},s%/* along the tension lines. It vanishes together with its first two
derivatives at the axis and has gj (7) = 0. The general solution is

o(0) = 50 )+ V2 [ 10) 7 o). (1)

Near the axis the bracket contributes % f~5/2, analytic even terms, and a constant. The constant
multiplies f%/2 ~ (/2)°/2, a term whose third derivative diverges. Motivated by smooth continua-
tion from the intact ligament, we select an angular field that is analytic across the symmetry axis.
This removes the fractional-power term and leaves a branch with even integer powers of . Under
this intact-axis assumption,

g(m) = —V2A; =2.0333.... (22)

Here Ay = —1.4378 is the finite part of the tail integral at the axis. It is a one-dimensional
quadrature and is the only numerical ingredient in the selected profile. A homogeneous coefficient
could survive through a shrinking angular layer at the symmetry axis, so the intact-axis condition
is a matching assumption rather than an existence theorem. The numerical test of the 5/4 class
and its exact-axis amplitude is discussed in Sec. 6. The same s>/* homogeneous residual belongs
to the half-power space of Sec. 5.

The factor P~1/2 normalizes the residual on this branch. Rescaling this factor and ¢ inversely
leaves their product unchanged. It is not the coefficient C; of the distinct physical null direction.
With g normalized by (20), the r5/4 residual amplitude on this branch scales as P~1/2.

The leading principal-stretch magnitudes are independent of 6,

P —1/2 / 2 1/4
)\1 5 T s )\2 )\3 2 r . (23)

Only the principal directions rotate. These asymptotics hold in an annulus,

. P202
s KL 71 K mln(r*, 772)7 s = )
461

rr, ~ P2<C—1>2. (24)
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The lower bound is the sheet thickness t5. Below it, the reduction of Sec. 2 fails and the field
becomes three-dimensional. The subscript distinguishes the thickness from the confocal coordinate
t used below. The upper bound is the smaller of the constrained-zone edge r. and the scale rr,
beyond which the on-manifold I3 correction in Eq. (25) is no longer small. For co < ¢1, the binding
scale is r,. For cy/c; = 3, it is ry,, consistent with the slower convergence of the free opening
exponent at that ratio in Sec. 6. In the pure-shear strip, r, ~ 0.3 h at A = 1.6 and ¢; = co. It grows
toward h by A = 2.2 and also grows with ¢a/c;. The window is about a decade wide when the
sheet thickness is a few percent of its height. It narrows for thicker sheets or smaller cy/c¢1. These
bounds determine the radial range over which the constrained residual and the null background
must be separated.

To organize the later corrections, choose F' = 0 as a bookkeeping base point in the determinant-
null family. On this representative the on-manifold I stress is smaller than the neo-Hookean
response by (c2/c1)A\;' = O(r'/?). Formal radial bookkeeping therefore places the first paired
correction in the slots

o = Pri/2f(0) + 2 ro(0) + 0(r3/?),
c1

(25)
Y1 = P71/2T5/4g(9) + C—2P73/27‘7/4w(9) + O(T9/4).
1

Equation (25) records the radial and dimensional ordering about that base point, not the field
selected by a particular specimen. Their global endpoint completion is not needed for the claims
below. If Cs # 0, its O(1) gradient reorders these subleading balances, so Eq. (25) must not be
transferred unchanged to a retained-Cs branch.

The first correction on this representative is solved, with opening profile

v(0) = —% sin(0/2).

The in-plane shear w(6) is slaved to it by the constraint, with w(0) = 41/2/21 at the axis. Retaining
the full co term of Eq. (2) before enforcing C = 0 fixes the multiplier convention. In that convention,
5x = caP~*r%p(h), with endpoint values p(0) = —256/15 and p(7) = 25g(w)?/4. They enforce the
total crack-face traction at this grade. Both homogeneous directions of the rung are fixed within
it. The shear direction f7/2 is excluded by analyticity at the axis, and the reaction direction f5/2
is selected by the total crack-face traction. On this F' = 0, analytic-axis representative the rung
therefore contains no additional local amplitude. Exact symbolic identities in the repository verify
its field equations, constraint, and total tractions, and independent arbitrary-precision continuation
checks the endpoint evaluations. The outgoing contribution this rung generates at the next grade
is obtained exactly.

The closed normal-opening sector admits further harmonics beyond the leading member. The
constraint also admits analytic shears along the opening level sets, and Sec. 5 organizes both
families. Those level sets form one family of the confocal-parabola system in Fig. 1. With s =
(r —rcos)/2 = rsin?(/2), the leading opening is yo = P4/s. Its level sets s = const are the
characteristics along which the reaction stress is transported. The orthogonal family ¢ = const,
with ¢ = (r 4+ rcosf)/2 = rcos?(0/2) the confocal partner of s, gives the tension trajectories,
tangent to the local maximum-stretch direction. This confocal geometry gives a physical picture of
the constraint: opening is constant and the reaction is transported along one family, while tension
follows the orthogonal family.



5 Symplectic opening spectrum and higher-order outlook

At the leading radial grade of the constrained second variation, the normal opening decouples from
the in-plane displacement and constraint reaction. Its scalar equation is therefore independent of
the determinant-null contour motion at this grade. A specimen-selected Cys term remains part of
the physical base map and changes the coupled subleading operator, but not the normal-opening
equation derived here. Within this closed scalar sector the reduction below is exact: it follows
without an angular truncation and gives the opening spectrum and its conserved pairing. At later
grades, the in-plane and reaction components re-enter as a coupled problem.

Let £ = Inr. Because the leading in-plane residual and opening fields differ by the radial factor
r3/4 a convenient pencil label A represents physical increments

Sy1 o< ra(h), Syz o< rA734p(0). (26)

The closed normal-opening sector obeys the scalar harmonic equation
V' =(A-3)%, b0)=0, V(r)=0. (27)
Thus the physical opening powers are v = A — % = %, %, %, ..., with angular profiles sin(v#). The

first member is the leading opening derived in Sec. 4. The v = 3/2 member is the opening seed of
the B sector. As with higher Williams coefficients in linear fracture, its amplitude is supplied by
the outer specimen rather than by the local eigenproblem.

For an eigenfunction in this sector, restore the full radial field

us(€,0) = €”*b(0), v=A—-% = 7:=0u, (28)

where 75 is the opening momentum apart from the common 2¢; normalization. For two full opening
fields, the Wronskian current

Qop(V, W) = / (uavmaw — ugwray) A6 (29)
0

is independent of £ after using 8521@—1—831@ = 0 and integrating by parts. The endpoint term vanishes
under the mixed conditions in Eq. (27). For power-law solutions, the current is proportional to
e(+€ A nonzero conserved pairing therefore requires v/ = —v, or A’ = % — A. The paired
physical opening powers are opposites. This conserved opening-mode pairing supplies the usual
Fredholm condition for forced opening corrections. The homogeneous opening spectrum contains
eigenvalues at A = 5/4 and 9/4. On the same Cs; = 0 representative, the formal stationary-
background calculation reaches A = 11/4, but its outgoing target leaves the finite-action endpoint
class. We therefore retain it only as an algebraic checkpoint, not as a matched physical mode.

At the pencil label A = 13/4, corresponding to the opening power r5/2 the opening operator
is exactly resonant. The source must be orthogonal to the kernel sin(50/2). On the selected
Cs = 0 branch, the numerically converged projection of the restricted source that couples the
first material correction to the stationary background is nonzero. That formal opening coefficient
therefore requires a contribution 7°/2log(r/r) sin(50/2). The complete same-grade source, the
coupled response, and the physically selected net logarithmic amplitude remain open.

The constraint also admits analytic shears along the opening level sets, y1 — y1 + > ;5 Qs
The k = 1 member is the physical leading-null term Cys already displayed in Eq. (18). It is not a
gauge. For k > 2 these seeds are G-quiet at leading order. Their reaction and opening companions,
and the specimen amplitudes B and Qj, belong to the coupled matching problem.

Figure 2 summarizes the constraint physics in the local field and the way the radial Hamiltonian
structure organizes its first corrections.

10



a constraint-active near-tip field

[allowed contour motion
. R null freedom Flys) D Cys~r
constitutive stiffening constraint + "_?/?Ct'on outerselocted
L~ o2 Ar=A3 =\, leaves J and leading G unchanged
Col9 >~ Co 1 J'1 =\ 2
(/\2+/\r2) —1)2 y2‘
2 3 y2 ~ Pr*/=sin(0/2)
acts as a transverse penalty leading uniaxial orbit; r°* fractional response
carries the energy flux L 1 — o — Flya)

~P’1/2r5/4 W+ O 5/2
axis FEM:%:LQS{S )
Aax/ Aax, prea = 1.0124

b symplectic hierarchy: corrections, matching, and resonance

closed A=7/4
first ¢ /c; material correction
Oy ~ 1, 53/1~7“7/4

total traction closes;
selected F=0 base no new local amplitude

analytic-axis

resonant opening mode
A =13/4: kernel sin(50/2)
0Ya) restricted

representative — ocr?/ 1&%(;2/)?“0)
. . Xsim
ngfgg'éiﬁﬁg}? scer;glcct‘iec;n fm—m e ——— nonzero projection forces this log;
let |
' formal A=11/4 restricted O Esponse remain open -

stationary-background response/ interaction L J

1 opening power r?2
1 outer endpoint checkpoint;
1 physical matching open

Parallel matching sectors: opening harmonic Br*?sin(36/2) and contour shears Q;s”
are exact local seeds; the outer specimen supplies their amplitudes.

Figure 2: Constraint physics and the symplectic higher-order map. (a) Constitutive stiffening
produces the constrained leading orbit, an outer-selected contour motion, and the %/ fractional
response tested in Fig. 7. (b) On the F' = 0 bookkeeping representative, the A = 7/4 correction
closes. Its restricted interaction with the formal A = 11/4 checkpoint reaches the A = 13/4
resonance and forces a formal logarithmic opening channel. The complete coupled response and
matched logarithmic amplitude remain open.

The higher grades carry different physics. At A = 7/4, the I, term reappears as the first
finite constitutive correction after imposing the leading constraint. At A = 11/4, the remaining
base residual shows that the leading constrained orbit is not stationary at every later grade. In
the audited restricted interaction, these routes meet the A = 13/4 opening kernel. Its nonzero
projection requires a logarithmic companion in that formal coefficient.

Turning the pairing into a finite-radius extractor for B and @ would require the full reaction-
carrying endpoint form and its adjoint modes. That is beyond the present normal-opening result.
The amplitude used below is instead obtained directly from the normal face displacement, yo o< /7.
The leading field and its energy flux require neither the coupled extractor nor a completed all-order
expansion.
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6 Parameter-free relations and finite-element cross-checks

The locally uniaxial state gives several measurable predictions. Once the amplitude P is obtained
from the crack-face opening, Eq. (23) gives predictions with no adjustable constants. A c; = 0
sheet shares the leading harmonic r/2 opening exponent and opening-row relation, but not the
constrained transverse kinematics or the angle-independent compensated-Jacobian plateau. We
test this constrained picture with finite elements that do not use it as input. A direct signature is
the Jacobian plateau,

Jri/t=\/P/2 (independent of 6), (30)
and the full set is measured on the pure-shear strip of Fig. la:
relation status (FEM)
G=lmJ =hWy (35) 0.00-0.15% (A = 1.3-2.2), unchanged over tested a = 2-5
P measured vs. P(\) of (35) 2.2-3.0%, entire load range (Fig. 3)
Jri/t = /P/2, flat in 0 spread 3.2-9.1% (control 101.5-112.2%)

YVi—co~ Aar®tat =0  q=1.25153, Au/Aaxprea = 1.01242 (Fig. 7)

The first two rows connect specimen loading to the tip amplitude. The third tests the constrained
Jacobian against the W (I;) control. All quantitative comparisons shown here use the Rivlin—
Thomas strip, whose remote state gives J in closed form in Sec. 7. The near-tip field is not
prescribed in the finite-element model. Figure 3 compares the measured opening amplitude with
the prediction P(\), which has no adjustable constant. Crack lengths a = 2-5 collapse onto one
curve, as expected from the steady pure-shear energy balance.

—— closed form P(\), Mooney-Rivlin
2.004 — = closed form, neo-Hookean control
@® FEM,a=3
[] FEM, a=2,4,5 (collapse)
1759 A FEM, control
A, )
]
S 1.50 A
3 ’ -
= P -
2 -~
©c 1.25 -
)]
£ _-
c i - <0.15%, all cases
g 1.00 27 R0
o A -~ o
o - £2.04
5 0.75 1 £
£1.0 4
o
el
0.5
0.50 1 T T T T
P 0.5 1.0 2.0 4.0
_ e hWe
0'25 h T T T T T T
1.2 1.4 1.6 1.8 2.0 2.2

grip stretch

Figure 3: Measured near-tip amplitude P (markers) and the closed-form prediction P()) from
Eq. (35) (line). Results for crack lengths @ = 2-5 at A\ = 1.6 are shown by open symbols. The
2-3% offset is consistent with the finite fitting window and resolved core. The inset compares the
domain integral 7 with hW,. The difference is at most 0.15% for all loads and crack lengths.

Figure 4 shows the computed state from the whole specimen down to the tip.
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computed pure-shear strip, A=1.6 (color: logig A;)

1near—tip window (b) 0.5

tip end x14 (A=1.6)

open crack
(gap wider
than frame)

180°: end wall 0.50
blunt

0.00

Figure 4: Finite-element solution for the pure-shear strip. Color denotes log;y A1. (a) Full specimen
at A = 1.6. The upper half is reconstructed by Mode-I symmetry. (b) Near-tip fields at A = 1.3, 1.6,
and 2.2. The amplitude P is measured separately from each solution. (c) Tip field at A = 1.6 with
fourteen-fold greater magnification. The rounded cap is the traction-free core of the mesh, and the
dot marks the tip material point. The resolved vertical tangent is compatible with Eq. (19), but
does not separate its two crack-parallel terms.

The strip provides the specimen-scale comparison and Jacobian plateau. The quantitative
plateau values distinguish the MR material from the ¢ = 0 control in Fig. 5. The field maps in
Fig. 6 show the spatial region over which the normalized plateau is approached.
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Figure 5: Window-averaged Jr!/4, normalized by /P/2, at two loads. The Mooney—Rivlin result
is nearly independent of 6, as predicted by Eq. (30). The ca = 0 control has an angular spread of
101.5-112.2% and differs from the predicted level by up to a factor of four near the ligament.
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a
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Figure 6: Normalized compensated Jacobian Jr!/4/ VP/2 at A\ = 1.6. The window half-width is
0.015h, and the scale bar is 0.005h. The ¢ = 0 control in (a) is strongly angle dependent. The
two-invariant cases ca/c;1 = 1/3, 1, and 3 in (b)—(d) approach the predicted value, shown in white,
throughout the near-tip region. All panels share the same scale, which is set by the strongly varying
control. The low contrast in (b)—(d) reflects their closeness to the predicted plateau.

Jri*/\/P/2  (white = on prediction)
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To test the dependence on material ratio, we repeat the strip calculation at A = 1.6 for ¢3/¢1 =
%, 1,3. Table 1 summarizes the common constrained-state signature.
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Table 1: Material-ratio study at A = 1.6. The middle three columns give relative errors or spreads
in the energy, opening amplitude, and compensated-Jacobian plateau. The final column is the
local log-log slope from a free finite-window fit of . It diagnoses convergence toward the exact
exponent az = 1/2 and is not used to determine P.

finite-window
cafer Gyvs. hWs P vs. P(A) plateau spread opening slope

1/3 0.05% 2.6% 7.6% 0.478
1 0.03% 2.6% 5.1% 0.470
3 0.06% 2.6% 5.8% 0.453

Across the three ratios, the calculations recover the closed-form AW, to better than 0.1%,
the parameter-free amplitude prediction to 2.6%, and finite-window opening slopes close to 1/2,
with the Jacobian plateau flat to a few percent. The ca2/c; = 1/3 case, whose constrained zone
is shallowest (r < 0.07h), is marginally the least flat but still follows the prediction. The free
opening-exponent fit decreases as ca/c; grows even though the constrained zone becomes deeper.
The fitted opening exponent is a finite-window diagnostic. The amplitude P is measured with the
asymptotic 1/2 exponent fixed in the two-term fit, which has the same 2.6% error at all three ratios.

The normalization of the selected residual scales as P~1/2. On either crack face, using r = y3 ) P?
at leading order and Mode-I symmetry,

p o= S+ Sy 1)
Equation (31) motivates a direct numerical test. The normal displacement first determines P. The
crack-parallel field may then be written

y1 —co = Css+1Ih(0) + - -

5/4

On the intact axis, § = 0, both the regular Css motion and the homogeneous C}s°/* member

vanish. This removes the two specimen-dependent coefficients and gives the fit
y1(r,0) = co 4 Aaxr? + Dr/4,

Figures 4 and 6 use the production strip sweep, and their ¢; = c3, A = 1.6 panels share the same
stored solution. Figure 7 instead uses six new matching-circle configurations of the same strip
boundary-value problem. Four cases at R,, = 0.01h form the plotted core and angular sequence,
while two additional cases test R,,. In each case the complete P2 strip trace drives a consistency
solve on the exact inner cell restriction, from which the profile is sampled. The independently
refined local submodel does not enter Fig. 7. Three overlapping exact-axis radial fit windows are
applied to every profile while the core decreases from 107k to 2.5x10~%h and the angular resolution
doubles. The outermost-window result is ¢ = 1.25153. The fitted axis amplitude is 1.24% above
Aax pred = (4v/2/5)P~1/2 with P obtained independently from the crack-face opening. Changing
the matching radius from 0.005h to 0.02h changes the fitted exponent by at most 5.50 x 1074, A
separate fit that leaves both ¢ and the next physical power free returns ¢ = 1.24980-1.25152 and
Prext = 1.68971-1.74746 over five windows. The 5/4 result is therefore not imposed by the r7/4
nuisance term. This fitted pnext lies near the r7/4 in-plane slot in the selected F = 0 ordering of
Eq. (25). This is a consistency check on the radial ordering, not on that correction’s angular profile
or amplitude. Neither exponent is imposed in the fit. Here phext denotes a physical power in y;.

The same rung has pencil label A = 7/4, while its opening component scales as 7!.
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Figure 7: Matching-circle test of the /4 in-plane residual for the ¢; = ¢3, A = 1.6 pure-shear
strip. (a) Computed Ys/h. The dashed semicircle is the internal matching interface, not a hole,
and the orange segment is the sampled intact axis. (b) Windows I-III are overlapping fitting
intervals on that same field. (c,d) Four global strip solutions successively reduce ryi, and double
the angular resolution. Fits to y1 = ¢o + Aaxr? + Dr7/* approach q = 5/4 and Aax/Aaxpred = 1,
where Aux pred = (4/2/5)P~1/2 and P is measured independently. For the final outermost-window
fit, ¢ = 1.25153 and Aux/Aax preda = 1.01242. Each x position is a simulation, whereas each curve is
a fitting window. The expanded vertical scales are not error bars.

The full-angle field remains a harder decomposition because the regular and fractional powers
are close over a finite annulus. In this separate full-angle channel, after the regular Cs-shaped
background is removed, the finest field gives ¢ = 1.25349 and agrees within 2.55% in relative L2
with the permitted family ga(6) + Cj, sin®?(#/2). This comparison supports the angular equation
when its homogeneous member is retained. It does not select Cj, = 0, and the fitted Cs and Cj
remain window-sensitive specimen-level estimates.

Particle tracking provides an experimental route to the same separation. Qi et al. measured
both the displacement map and deformation gradient around a plane-stress pure-shear crack, fitted
the leading amplitude from the dominant gradient component, and mapped the radial range over
which each component followed its asymptotic form [32]. Applied to a sheet with an independently
calibrated positive I coefficient, this protocol could measure the compensated-Jacobian plateau
and fit P, Cs, and the detrended residual. Their Ecoflex study used a one-invariant generalized
neo-Hookean model, so it supplies the measurement strategy rather than a test of the present
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constitutive prediction.

A focused half-disk calculation is retained as a distinct global boundary-value problem, not as
quantitative validation of the strip field. Its imposed loading, high-load boundary folding, and the
checks required before a cross-geometry comparison are documented in the ESI.

Numerical protocol. The Rivlin—Thomas strip supplies the quantitative G and P(\) tests, the
Jacobian-plateau test, and the material-ratio study. Its energy release rate is known in closed
form. Here pure shear names the remote strip loading, not a local crack-tip ansatz. The finite-
element model solves the global nonlinear displacement boundary-value problem, without imposing
the local analytical field. The calculations are performed with FEniCSx [33], solving the reduced
sheet (2) on tip-focused rosette meshes with piecewise-quadratic displacements. In the strip, the
fitted amplitude coefficient P is measured on the stored 178° near-face proxy by the two-term fit
= Pr'/2 4 Cr of Sec. 4 in the window r € [3 x 1074,8 x 1073]. At leading order P = P sin89°.
Throughout the numerical tables and figures it is reported under the label P as the estimator of
the face amplitude, with the angular correction of less than 0.02% neglected. The representative
A = 1.6, ¢c; = co strip case passes the radial-mesh study reported in the ESI. For the residual
test, an explicit internal semicircle supplies a matching trace and an exact inner-cell restriction for
dense native-P2 sampling. A separate inner refinement uses the same complete P2 displacement
trace. The reported exponent convergence comes from the matching-radius, core, and angular strip
sequence rather than from imposing an asymptotic field on that circle. In the sampled ¢ > 0
strip full fields, the crack face remains out of tangential compression, so compressed-edge folding
does not affect the Mooney—Rivlin comparisons. The meshes deliberately probe the mathematical
r — 0 limit of the reduced two-dimensional model. A laboratory sheet does not access that limit
below t5, where the field becomes three-dimensional. Comparison with experiment must instead
use the overlap annulus in Eq. (24), when it is nonempty. These computations therefore test the
reduced model over the stated finite-core windows, not the sub-thickness three-dimensional field.
The complete protocol (specimen geometry and boundary conditions, mesh construction, solver
settings, the definition of every estimator, the domain form of 7, and the convergence and window-
sensitivity studies) is given in the ESI, together with the specimen schematic and the meshes.

7 Energy release rate

The energy release rate GG is the energy the specimen supplies per unit of new crack area [34]. It
reaches the tip as a flux of configurational (Eshelby) energy [35]. On a circle of radius r centered
at the tip, let N = e, and let t; = P;;N; be the nominal traction from (3). The classical J-integral
of Rice [36] is

™

J(r) = / (W cos b — t;Fy1) rdb. (32)
—T
We write J to distinguish the contour integral from the areal Jacobian J = det F. Using the total
gradient Fj; rather than the displacement gradient does not change the integral because the net
force §t;rdf on the closed circle vanishes by equilibrium. Evaluating (32) on the leading field
uses three leading-order facts. (i) The energy density obeys W r — ¢ P%/4, independent of 6. At
leading order W is carried by the opening gradient alone. Its magnitude |Vys| = A1 is angle-free by
(23). The ¢z and in-plane terms enter only at positive powers of r. (ii) The in-plane (row-1) flux
vanishes in the tip limit. For the F' = 0 bookkeeping representative this follows from the orders
recorded in the ESI. Direct substitution of the physical truncated map including Css gives the same
limiting flux, although its finite-radius row-one orders differ. Thus no in-plane term contributes to
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G. (iii) The opening (row-2) flux is finite: to — c;Pr~Y/2f, so toFy r — clPQf(% cosf f—sinf f’).
Adding (i)-(iii), the #-dependence cancels. The leading Eshelby flux density is the constant ¢, P?/4
on every tip circle. Thus the limit G = lim,_,o J(7) is

G = ng?. (33)

An exact symbolic limit for the superposed truncated map gives the same constant integrand,
independent of g, ¢/, Cs, and co. This shows directly that neither the regular Css motion nor the
7o/ 49(0) residual contributes to the limiting flux. The energy release rate is carried by the leading
opening field. Numerical quadrature of the full constitutive stress evaluated on this truncated map
gives the same limit to 107 after extrapolation. The pure-shear finite-element results provide
the separate specimen-scale cross-check of Sec. 6. For the F' = 0 truncated representative the
signed finite-radius error is an excess, J(r) — G = meaPr/? + ... with fitted exponent 0.500.

The opening-row ¢y traction flux, — f PQ(fQ)Fgl rdf = wea P /24 , carries this correction. The
component decomposition also shows that the angle-independent ¢y energy term integrates to zero
against cosf. This correction is caused by inserting the truncated local map into the full stress.
It is not a failure of path independence for an exact equilibrium solution. Equation (33) plays for
the constrained tip the role that Irwin’s G = K?/F plays in linear theory [37]. It converts the field
amplitude into the energy flux.

Only the leading opening term contributes to the limiting flux. A pair of field terms with
physical radial exponents aj,as produces a flux ~ r®1+22=1 (we write o for a physical power,
reserving A for the weighted pencil labels of Sec. 5). Thus the r — 0 limit keeps only pairs with
a1 + az = 1. Among the established regular outer exponents, the only such pair is the opening
mode with itself (% + %) This is the finite-strain analogue of the quadratic self-contribution of
the K-field, the universal linear-elastic tip field of amplitude K [25], to the linear fracture energy
release rate. Any completed higher field with the positive exponents discussed in Sec. 5 is therefore
invisible to the limiting 7. In the closed normal-opening sector, an opening harmonic at pencil
location A pairs with the opening solution at A’ = % — A through (29). Extending this construction
to candidate shears requires the still-open coupled operator and normalized extraction integrals.

Three corollaries follow:

P =,/ E, P2 = <L01> v (residual normalization), o1 = g (34)
Ty 2G T

At cg — 0, Eq. (33) reduces directly to the plane-stress relation of Long, Krishnan and Hui:
their Eq. (94) at hardening exponent n = 1 gives J = umA?%/4 [14], with p their shear modulus,
which is (33) with ¢; = p1/2, and their amplitude is ours, since their Eq. (42a) reduces at n =1 to
y2 = Ar'/2sin(h/2). Equation (33) therefore recovers the neo-Hookean result of Hui and co-workers
as ¢z — 0. The last relation in (34) also applies to sheets whose leading opening is /2 sin(6/2)
because the leading Cauchy stress depends only on the opening equation. For hardening exponents
n # 1 the opening exponent moves off 71/2 and the relation takes the general form of their Eq. (94).
This shared leading relation is an analytical corollary rather than a separate material discriminator.

Han and Li [22] extracted apparent indices N for the PK1 stress Pyy and M for the Cauchy
stress 9o from finite-radius fits. With increasing applied strain, they found that M rises from
approximately 1/2 toward 1, whereas N falls below 1/2 over a narrow small-strain interval before
returning toward 1/2. The dip in N depends on c¢z/c;, while the limiting value of M is insensitive
to this ratio. They related both trends to the expansion of the large-deformation zone around the
tip. We interpret these apparent indices as the crossover from the outer small-strain field to the
inner nonlinear field. This interpretation is consistent with Li and Moran’s analysis of nested linear
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and nonlinear crack-tip regions in a neo-Hookean material [38]. The present analysis supplies the
r — 0 endpoint for the Mooney-Rivlin sheet. Along their fixed 45° ray, Py ~ /2 and og9p ~ 1.
It also explains the material-ratio insensitivity of the limiting exponents, because the stress powers
are neo-Hookean-like on the constraint manifold and the I contribution is kinematic. Their single-
ray, finite-window stress fits test the crossover and these limiting indices. They do not resolve the
r5/4 displacement residual, its angular profile, Cs, or Cj,.

For the clamped pure-shear strip of reference height h [31], the remote boundary gives J without
a numerical calculation. The far field ahead of the crack is the pure-shear state (1, A, 1/X), for which

I, =I5, so

2h (c1 + ¢2) ()\2 D 2)

m™C1

G=h(ci+c)(N+A2-2), P\= \/ (35)

The ratio ca/cy enters Eq. (35) even though it cancels from (33): at equal applied stretch, a Mooney—
Rivlin strip drives a larger P than a neo-Hookean strip of the same c¢;. Section 6 compares this
prediction with the measured tip amplitude from the finite-element model. The same opening-
amplitude combination in (33) also appears in a different constitutive and kinematic setting. For
compressible Ogden—Ball materials under finite plane strain, the closed-form energy flux of Le and
Stumpf (their Eq. (6.23), with their amplitude A; and opening coefficient a) [23] reduces at power
index a = 2 to (7/2)A1a? with opening ar'/2 sin(6/2). This is the same Irwin-type relation, carried
in both settings by the same opening row. The comparison concerns only this energy relation and
does not extend the plane-stress constraint to plane strain.

8 Discussion

Connection to failure criteria from uniaxial data. If a material cutoff r. lies inside the con-
strained plane-stress annulus, the near-tip state there is asymptotically uniaxial with #-independent
magnitudes (23). A critical-stretch criterion Aj(r.) = A. of the kind used for elastomers and soft
composites [39] then takes a simple form here. Each fiber at reference distance 7. from the tip (like
all lengths in this paper, r. is measured in the undeformed sheet) is in the state of a uniaxial test
specimen to leading order. This holds in every direction #, not only on the ligament. Thus A, can
be connected directly to a tensile test within the assumptions of the constrained field. Combining
Ai(re) = (P/2) re /% = A. with (33) gives the critical energy release rate in closed form,

G. =2m cl)\g Te, (36)

which contains two additional material inputs. The critical stretch A, can be obtained from a tensile
test, while the effective cutoff . may be interpreted as a network length scale in the spirit of Lake
and Thomas [40]. Two limits should be kept in mind. The plane-stress asymptotics hold only in
the annulus of Sec. 4. Below the sheet thickness, the field is three-dimensional, and a network-scale
r. generally lies below that cutoff. At sufficiently large tip stretch, the Mooney—Rivlin energy must
also be replaced by a finite-extensibility model. Equation (36) is therefore a formal extrapolation,
as critical-stretch criteria usually are. Its advantage is that the extrapolated state is uniaxial. We
present it as a practical consequence of the constrained state, not as a new failure criterion.

Local fields and specimen selection. The local solution determines the opening, the uniaxial
stretch state, the Jacobian plateau, and the energy relation. It predicts the 7%/ 4g(0) structure on the

19



intact-axis outer branch after regular contour motion is removed. The pure-shear energy balance se-
lects P, while the global boundary-value problem must select C's, any homogeneous C}, contribution,
and the higher regular amplitudes. This separation between local form and specimen-dependent
amplitudes is familiar in crack-tip mechanics, as in the HRR fields [41, 42]. The expansion is in
distance from a fully nonlinear leading state, not in loading amplitude. The derivation separates
the determinant-null function F(y2) from the residual. It does not set the physical coefficient Cj
to zero.

A matching-circle calculation resolves the residual without prescribing its asymptotic form. The
complete quadratic displacement on a material circle is transferred from the strip, where it is already
smooth enough to converge before the singular inner field. The local mesh can then be sampled
or refined independently. This global-local strategy is established in linear fracture mechanics
[43, 44]. Here the matching-radius, core, angular, amplitude, and free-power tests support the
exact-axis 5/4 class. The full-angle field is consistent with the predicted ODE family, although the
specimen-selected Cs and Cp, have not reached a window-independent plateau. Full-field particle
tracking provides an experimental route to the same separation. Outside the constrained annulus,
the solution crosses over to the specimen-scale field, so finite-radius apparent indices can vary with
radius and load [22].

9 Conclusion

We developed a radial symplectic framework for a constrained nonlinear crack tip and applied it
to an incompressible plane-stress Mooney—Rivlin sheet. The I5 term drives the local state toward
uniaxial tension, giving the harmonic r1/2 opening, angle-independent leading stretch magnitudes,
the compensated-Jacobian plateau, and G' = (7/2)c; P?. For a pure-shear strip this relation gives
P()) without a numerical specimen calculation, and the strip simulations support the amplitude
and Jacobian predictions. Refinement toward the tip also recovers the exact-axis 5/4 residual
exponent and its parameter-free amplitude to within 1.3%. The ¢y — 0 limit recovers the plane-
stress opening and energy relation of Long, Krishnan and Hui [14]. The two-invariant signature
lies instead in the constrained transverse kinematics and Jacobian plateau.

The deformed-position trace and the r-weighted radial traction form the canonical pair, so the
constraint reaction and the deformation evolve in one framework. The closed normal-opening sector
gives the half-odd harmonic spectrum and a conserved symplectic pairing. On the selected F' = 0,
analytic-axis representative, the A = 7/4 material correction closes without an additional local
amplitude. The separate A = 11/4 stationary-background calculation is retained as a formal end-
point checkpoint. Their audited restricted interaction reaches the A = 13/4 opening resonance. Its
nonzero projection requires the formal coefficient to contain an /2 log(r/7¢) sin(50,/2) companion.
The complete same-grade source and coupled response remain open, and outer matching selects the
net specimen amplitude. The physical in-plane field permits the regular contribution Cyr sin2(9 /2),
whose amplitude is specimen-dependent. After this motion is separated, the constraint gives the
r5/4 angular ODE and its analytic-axis member g(0). General matching may add the homogeneous
term P~1/2C},s%/* at the same radial order. Numerical or experimental comparisons can therefore
determine the matching coefficients. The present exact-axis comparison tests the predicted 5/4
structure without requiring either coefficient.

More broadly, the Mooney—Rivlin sheet shows how constitutive stiffening can reorganize crack-
tip kinematics by becoming an effective constraint. Whether another soft-solid model develops
the same structure must be decided from its own dominant balance. Finite-extensibility networks,
and materials that stiffen selected invariants or directions, provide natural tests of this symplectic
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framework and its connection to measurable near-tip fields.
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